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ABSTRACT.
There exists a Noetherian ring of arbitrarily large cardinality with free additive group. This answers a problem of L. Fuchs. In Problem 97 in [1] , L. Fuchs asks: Do Noetherian rings exist whose additive groups are free groups of large cardinalities? We show by example that such a ring exists of arbitrarily large size. Our example is a generalization of a particular ring of cardinality Ki presented in [2] . As so often happens, the proof of the general example turned out to be simpler than that of the particular example.
THEOREM. There exists a Noetherian ring R of arbitrarily large cardinality with free additive group.
To establish this theorem we shall proceed as follows. First we construct a Noetherian ring R of arbitrarily large cardinality. Secondly, we describe particular subgroups Gi of the group (R, +). Finally, by lemmas, we show that (R,+) is a direct sum of these G¿'s which are in turn free.
The ring R. Let I be an arbitrary set and let S = Z[xi], i G I, be the polynomial ring over the integers Z in commuting indeterminates
xt. Let R be the subring of the quotient field of S generated by all quotients p/q, where p and q are polynomials in S and q is primitive. Each ideal of R is generated by an integer so R is Noetherian.
Subgroups
G¿. Let J be well-ordered with least member 1. For convenience we now include 0 in 7 and set xc¡ equal to the identity 1 of R. For each i G I let Fi = Z[xj | j < i], a subring of S, and let G¿ be the subgroup of (R, +) generated by the elements p/q in R where: PROOF. Clearly, R = ^2¡Gi and we show that the sum is direct. Suppose 0 t¿ x G Gj• n J2i<j Gi for some j G I. Let H = Yli<j R-Now x = a/b -ulvi where a,b,u,v are in S, u and v are in H, and a or 6 is not in H. We may assume that a and b are relatively prime. Now av = bu is in S and S is a unique factorization domain. Since u and v are in H, neither a nor 6 is in H. Hence a and b are not relatively prime, a contradiction. Therefore the sum is direct. 5. LEMMA. If E is a finite rank subgroup of(R,+), then E is free.
PROOF. Let D be a maximal free subgroup of E. Let q be the product of the denominators of a basis of D. Then qD Ç S. It is easy to see that (S, +) is a free pure subgroup of (R, +). We claim qE Ç S. Since subgroups of free abelian groups are free, this will imply that qE is free and, by cancelling q, that E is free. Suppose x G E. Then mx G D for some positive integer m. Therefore mqx G qD Ç S and by the purity of S we have qx G S. So qE Ç S and, as a result, qE and E are free.
6. LEMMA. Each Gi defined in §2 is free.
PROOF. We use induction. Go = (xo), a free group. Assume G¿ is free for each i < k. First suppose k is finite. Then |Gjt| is countable. Each finite rank subgroup of Gk is free by Lemma 5 so Gk is free by Proposition 19.1 in [1] . Secondly, suppose k is infinite. There is a one-to-one map tf> between the sets {i G I \ i < k} and {i G I | i < k} with <p(xq) = xq, and <fi induces an isomorphism between subgroups ©¿<fc ^i an(^ ©¿<fc *-*»'■ The left sum is free by our assumption on k, so the right sum is also free. Therefore its subgroup Gk is free. By induction each G¿ is free.
PROOF OF THE THEOREM. The ring R constructed in §1 is Noetherian of arbitrarily large size. If G¿ is as defined in §2, then R = 07 G¿ by Lemma 4 and each Gi is free by Lemma 6.
REMARK. The ring F is a principal ideal domain and hence Dedekind. If p is a nonzero prime in Z, let (p) and P be the ideals generated by p in Z and R respectively. Then Rp, the localization of R at P, is a discrete valuation ring and Rp is a free module over Zip), the localization of Z at (p). Thus such rings of arbitrarily large size also exist.
